We study the Bose and Fermi Hubbard model in the (formal) limit of large coordination numbers Z ≫ 1. Via an expansion into powers of 1/Z, we establish a hierarchy of correlations which facilitates an approximate analytical derivation of the time-evolution of the reduced density matrices for one and two sites etc. With this method, we study the quantum dynamics (starting in the ground state) after a quantum quench, i.e., after suddenly switching the tunneling rate J from zero to a finite value, which is still in the Mott regime. We find that the reduced density matrices approach a (quasi) equilibrium state after some time. For one lattice site, this state can be described by a thermal state (within the accuracy of our approximation). However, the (quasi) equilibrium state of the reduced density matrices for two sites including the correlations cannot be described by a thermal state. Thus, real thermalization (if it occurs) should take much longer time. This behavior has already been observed in other scenarios and is sometimes called "pre-thermalization." Finally, we compare our results to numerical simulations for finite lattices in one and two dimensions and find qualitative agreement.
I. INTRODUCTION
Despite decades of research, our understanding of the quantum dynamics of interacting many-particle systems is still far from complete. One of the major unsolved questions (or rather a set of questions) is the problem of thermalization of isolated quantum systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In one version, this question can be posed in the following way: Given an interacting quantum many-body system on an infinite lattice in a globally excited state, do all observables involving a finite number of lattice sites settle down to a value which is consistent with a thermal state described by a suitable temperature? Note that we do not consider thermalization induced by the coupling to some large thermal reservoir, but the intrinsic mechanism occurring in closed quantum systems during unitary evolution.
The global nature of the excitation is necessary because a local excitation (with a finite total energy) would typically disperse to infinity and leave the system locally at its ground state after some time. One option to create such a global excitation is a quantum quench: Starting in the ground state of a given Hamiltonian, one suddenly (or at least non-adiabatically) changes some of the parameters, e.g., the external magnetic field or a coupling strength, and thus induces a global departure from the ground state (of the modified Hamiltonian).
This behavior crucially depends on the structure of the Hamiltonian. Integrable models, for example, possess an infinite set of non-trivial conserved quantities. If these conserved quantities are measurable with local observables, there is no real thermalization. Instead, one should describe the state by a generalized Gibbs ensemble which * ralf.schuetzhold@uni-due.de contains a Lagrange multiplier for each conserved quantity. This motivates the study of non-integrable models, such as the Bose-Hubbard model and Fermi-Hubbard model in more than one dimension considered here. The models are prototypical examples for simple and yet nontrivial lattice Hamiltonians and can also be realized experimentally, for example, with ultra-cold atoms in optical lattices [19] [20] [21] [22] [23] [24] .
Even if the thermalization occurs, there is still the question of the time scales involved, for example: How fast does the system thermalize and do some observable thermalize faster than others? Are there intermediate stages and how fast do the quantum correlations spread? The last question is related to the others since the unitary evolution of a closed quantum system implies that an initially pure state will remain pure. Hence the description of a local state by a thermal (i.e., mixed) density matrix is only possible due to quantum correlations with some remote part of the lattice which is averaged over.
Quantum quenches have been considered before, for bosons and for fermions. For bosons, many studies have been devoted to one spatial dimension by employing exact diagonalization [25] [26] [27] [28] , time-dependent density matrix renormalization group theory (t-DMRG) [25, [29] [30] [31] [32] [33] [34] , and Jordan-Wigner fermionization [35] . For corresponding experiments, see Refs. [36] [37] [38] [39] [40] . However, thermalization in one spatial dimension is quite different from the behavior in higher dimensions because quasi-particles in one dimension cannot thermalize via elastic two-body collisions due to energy-momentum conversation.
For bosons in higher dimensions, many of the methods which work well in one dimension cannot be applied. Apart from some general statements concerning the relaxation of a quantum system towards equilibrium [29] [30] [31] , quantum quenches have been studied by using certain approximations, such as Bogoliubov-type approxi-mations or strong-coupling perturbation theory [41] [42] [43] [44] , the Gutzwiller approximation [45] , or related (semi) classical methods [46] [47] [48] , as well as (truncated) exact diagonalization [25] . However, these approximations are only reliable in certain regions of parameter space. For an experimental realization of the quench from the Mottinsulator to the superfluid regime, see Ref. [49] .
For fermions in one spatial dimension, the integrability of the Fermi-Hubbard model facilitates the derivation of the exact evolution after a quench including effects such as "pre-thermalization" [13, 50, 51] . Again, in higher dimensions, appropriate approximations are necessary, such as a time-dependent Monte-Carlo method [52] , time-dependent dynamical mean field theory [53] [54] [55] [56] [57] , the Gutzwiller ansatz for fermions [58] [59] [60] , the flow equation method [9, 10, 61, 62] , or effective quasi-particle methods [63] .
In the present work, we study the quantum evolution after a quench in the Bose and Fermi Hubbard models. We develop and employ an analytic approximation technique which is controlled by an expansion into powers of the inverse coordination number 1/Z (see also [64] ). Note that the 1/Z-expansion employed here is somewhat similar to time-dependent dynamical mean field theory (t-DMFT), but the 1/ √ Z scaling of the hopping term in the Hamiltonian (used in t-DMFT) is replaced by a 1/Z scaling in our approach -which allows us to derive analytic expressions for the time-dependent correlation functions after the quench.
II. BOSE-HUBBARD MODEL
The Bose-Hubbard model is one of the most simple and yet non-trivial models in condensed matter theory [65] [66] [67] . It describes identical bosons hopping on a lattice with the tunneling rate J. In addition, two (or more) bosons at the same lattice site repel each other with the interaction energy U . The Hamiltonian readŝ
Hereb † µ andb ν are the creation and annihilation operators at the lattice sites µ and ν, respectively, which obey the usual commutation relations
The lattice structure is encoded in the adjacency matrix T µν which equals unity if µ and ν are tunneling neighbors (i.e., if a particle can hop from µ to ν) and zero otherwise. The number of tunneling neighbors at a given site µ yields the coordination number Z = ν T µν (we assume a translationally invariant lattice). Finally,n µ =b † µbµ is the number operator and we assume unit filling n µ = 1 in the following. Note that the total particle number N = µn µ is conserved [Ĥ,N ] = 0.
The Bose-Hubbard model is considered as one of the prototypical examples for a quantum phase transition [68] . If the interaction term dominates U ≫ J, the bosons are pinned to their lattice sites and we have the Mott insulator state
which is fully localized. If the hopping rate dominates U ≪ J, on the other hand, the particles can propagate freely across the lattice and become completely delocalized
which is the superfluid phase. Obviously, the Mott state (3) does not have any correlations [69] between lattice sites, for example b † µb ν Mott = δ µν , whereas the superfluid state in (4) shows correlations across the whole lattice b † µb ν superfluid = 1. Furthermore, the Mott insulator state is separated by a finite energy gap from the lowest excited state, while the superfluid state possesses sound-like modes with arbitrarily low energies (for an infinitely large lattice N → ∞). Finally, the BoseHubbard model can be realized experimentally (to a very good approximation) with ultra-cold atoms in optical lattices [70] [71] [72] and it was even possible to observe the aforementioned phase transition in these systems [73] .
In spite of its simplicity, the Bose-Hubbard model (1) cannot be solved analytically. Numerical simulations are limited to reduced sub-spaces or small systems sizes, see Section IX below. Analytical approaches are based on suitable approximations. In order to control the error of these approximations, they should be based on an expansion in term of some large or small control parameter. For the Bose-Hubbard model (1), one could consider the limit of large n µ ≫ 1 or small n µ ≪ 1 filling [41, 42] , for example, or the limit of weak coupling U ≪ J or strong coupling U ≫ J [74] [75] [76] [77] . However, none of these limits is particularly well suited for studying the Mottsuperfluid phase transition. To this end, we consider the limit Z ≫ 1 in the following and employ an expansion into powers of 1/Z as small control parameter. Note that an expansion in powers of 1/Z was also used to derive bosonic dynamical mean-field equations (which were then solved numerically) in [64, 78, 79] .
III. HIERARCHY OF CORRELATIONS
Let us consider general Hamiltonians of the form
which includes the bosonic and fermionic Hubbard models (1) and (57) as special cases. The quantum evolution of the density operatorρ describing the state of the full lattice can be written as
where we have introduced the Liouville super-operators L µν and L µ as short-hand notation. As the next step, we introduce the reduced density matrices for one or more lattice sites via averaging (tracing) over all other siteŝ
and so on. Note that Tr{ρ} = 1 implies Tr µ {ρ µ } = 1 and Tr µν {ρ µν } = 1 etc. Next we define correlated parts of the reduced density matrices viâ
corr νλρ µ +ρ µρνρλ , and analogously for more lattice sites. As a consequence, we obtain from Eq. (6) the evolution equation for the one-point density matrix
where L S µν = L µν + L νµ denotes the symmetrized form. Obviously, solving this equation exactly requires knowledge of the two-point correlationρ corr µκ . The timeevolution of this quantity can also be obtained from Eq. (6) and reads
As one would expect, this equation contains the threepoint correlatorρ corr µνκ , and similarly the evolution equation forρ corr µνκ contains the four-point correlator etc. In general, one cannot exactly solve this infinite set of equations. However, the limit Z ≫ 1 facilitates an approximate solution that can be systematically improved.
Let us start from an initial stateρ in = µρ in µ that does not have any correlations (i.e.,ρ corr µν (0) = 0 and ρ corr µνκ (0) = 0, etc.) such as the Mott state (3) . In this case, the right-hand side of Eq. (10) scales as 1/Z and thus the time evolution creates only small correlationŝ ρ corr µν (t). If these correlations are small initially,ρ corr µν (0) = O(1/Z), they remain small at least for a finite time. The order of terms in the second line of Eq. (10) is determined by the correlated parts of the density matrices. This is because the summation over κ gives at most a factor of Z which is compensated by the factor 1/Z in front of the sum. In addition, we can neglect the term in Eq. (9) which containsρ corr µν because it is of the higher order than the others. Thus, we arrive at an approximate equation containing one-point density matrices only
The approximate solutionρ 0 µ of this self-consistent equation is valid to lowest order in 1/Z, i.e.,ρ µ =ρ 0 µ + O(1/Z) and reproduces the well-known Gutzwiller ansatz [66, 80, 81] . If we now insert this approximate solutionρ 0 µ into Eq. (10), we get an approximate evolution equation for the two-point correlator
Since we assumed that the three-point correlationsρ corr µνκ are suppressed by O(1/Z 2 ), they do not spoil this line of arguments. In complete analogy, it is possible to derive the evolution equations for any ℓ-point function, see Appendix A. Thus, we find that ℓ-point correlations are suppressed as O(1/Z ℓ−1 ), i.e.,
and so on, see Appendix A. The hierarchy (13) is related to the quantum de Finetti theorem [82] , the generalized cumulant expansion [83] , and the Bogoliubov-BornGreen-Kirkwood-Yvon (BBGKY) hierarchy [84] , but we are considering lattice sites instead of particles. As an example for the four-point correlator, let us consider observablesÂ µ ,B ν ,Ĉ κ , andD λ at four different lattice sites, which have vanishing on-site expectation values Â µ = B ν = Ĉ κ = D λ = 0. In this case, the hierarchy (13) implies
which resembles the Wick theorem in free quantum field theory (even though the quantum system considered here is strongly interacting).
IV. MOTT INSULATOR STATE
Now let us apply the hierarchy discussed above to the Bose-Hubbard model (1) . To this end, we start with the factorizing Mott state (3) at zero hopping rate J = 0 as our initial statê
Then we slowly switch on the hopping rate J(t) until we reach its final value. In view of the finite energy gap, the adiabatic theorem implies that we stay very close to the real ground state of the system if we do this slowly enough. Of course, we cannot cross the phase transition in this way (i.e., adiabatically) since the energy gap vanishes at the critical point, see Section V below.
Since we have b µ = 0 in the Mott state, Eq. (11) simplifies to
Thus, to zeroth order in 1/Z (i.e., on the Gutzwiller mean-field level), the Mott insulator stateρ 0 µ for finite J has the same form as for J = 0. To obtain the first order in 1/Z, we insert this result into (12) . Again using b µ = 0, we find
Formally, this is an evolution equation for an infinite dimensional matrixρ corr µν . Fortunately, however, it suffices to consider a few elements only. If we introducê p µ = |1 µ 2| andĥ µ = |0 µ 1| as local particle and hole operators (these excitations are sometimes [35, 39, 85] called doublons and holons), all the interesting physics can be captured by their correlation functions (for µ = ν)
To first order in 1/Z, these correlation functions form a closed set of equations [86] i∂ t f
and
as well as
This truncation is due to the fact that the correlation functions f mn µν involving higher occupation numbers m ≥ 3 or n ≥ 3 do not have any source terms of order 1/Z and hence do not contribute at that level. Exploiting translational symmetry, we may simplify these equations by a spatial Fourier transformation with
where N denotes the number of lattice sites (which equals the number of particles in our case). Formally, in order to Fourier transform equations (19)- (21), one should add the summands corresponding to κ = µ and κ = ν. Since these terms are of order 1/Z 2 , they do not spoil our firstorder analysis. However, when going to second order 1/Z 2 , (see Section VIII below), they have to be taken into account.
After the Fourier transformation (22) and (23), Eqs. (19)- (21) become
The last equation implies an effective particle-hole symmetry f 
Equations (24)- (26) allow several stationary solutions. In order to find the ground state one supplementary condition has to be imposed. One way is to envisage an adiabatic switching procedure starting from the exactly known ground state at J = 0 and slowly increasing J until its desired final value J is reached. The evolution process has to be very slow in order to avoid the population of excited states. The remaining unknown quantity f 11 k is then obtained by noticing that, for any time-dependent J(t), the evolution equations (24)- (26) leave the following bilinear quantity invariant:
Thus, starting in the Mott state (3) at zero hopping rate J = 0 with vanishing correlations f ab k (t = 0) = 0, we get the additional condition
for all times t > 0. Ergo, Eqs. (27) and (29) yield
where
corresponds to the non-trivial eigenfrequency of the homogeneous part of Eqs. (24)- (26). This expression (31) has already been derived using different methods, such as the time dependent Gutzwiller approach [87] , the random phase approximation [88] , or the slave boson approach [89] , where
k is given by the difference between the doublon and holon frequencies. Note that this expression (31) differs from the one obtained in Ref. [35] for a one-dimensional lattice via a fermionization approach.
Thus, the ground-state correlations read (for µ = ν)
Consistent with the (discrete) translational invariance of the lattice, these and other two-point correlation functions depend on the distance x µ − x ν . Again, similar results, e.g., the correlator b † µbν ground can also be obtained employing other methods, such as the the random phase approximation [88] . However, the justification of this approximation is another matter -especially for time-dependent situations we are interested in, such as a rapidly changing J(t) and the subsequent dephasing of quasi-particles etc.
The above Eqs. (32) and (33) describe the correlations and are valid for µ = ν only. The correct on-site density matrix ρ µ can be obtained from (9) which shows that non-vanishing correlations lead to small deviations from the lowest-order result ρ 0 µ . As one would expect, the quantum ground-state fluctuations manifest themselves in a small depletion of the unit-filling stateρ
given by a small but finite probability for a particle
To first order in 1/Z, we get from (9)
where we used Eq. (26) in the last step. This equation can be integrated easily and with the initial conditions f 0 (t = 0) = f 2 (t = 0) = 0 we find the 1/Z-corrections to the on-site density matrix
Note that, even though the right-hand side of the above equation looks like that of (32) for µ = ν, one should be careful as they are derived from two different equations: (9) and (10).
In an analogous way, we may derive the expression for the ground-state energy E 0 to first order of 1/Z, which can be obtained combining Eqs. (32), (33) and (35), and gives
This result can also be obtained via the slave boson approach [89] supplemented with the restriction of the Hilbert space to local occupation numbers below three. In our method, this restriction does not have to be put in by hand, but follows effectively from the 1/Z-expansion.
V. QUENCH DYNAMICS
After having studied the ground-state properties of the Mott phase, let us consider a quantum quench. This requires a time-dependent solution of the evolution equations (24)- (26) which crucially depends on the eigenfrequency (31). Thus, let us first discuss the general behavior of (31) . In view of the definition (22) , T k adopts its maximum value T k=0 = 1 at k = 0. Thus ω k=0 = ∆E corresponds to the energy gap of the Mott state mentioned in Section IV. For J = 0, we have a flat dispersion relation ω k = U . If we increase J, the dispersion relation ω k bends down and the minimum at k = 0 approaches the axis. Finally, at a critical value of the hopping rate given by J c /U = 3 − √ 8 ≈ 0.17 [68] the minimum ω k=0 touches the axis and thus the energy gap vanishes ∆E = 0. This marks the transition to the superfluid regime and we can neither analytically nor adiabatically continue beyond this point. However, nothing stops us from suddenly switching J to a final value J out > J c beyond this point. Of course, this would not be adiabatic anymore and we would no longer be close to the ground state. For hopping rates J which are a bit larger than the critical value J > J c , the eigenfrequencies ω k become imaginary for small k indicating an exponential growth of these modes, i.e., an instability. This is because the Mott state is no longer the ground state. If we consider even larger J, we find that the original minimum of the dispersion relation ω 2 k at k = 0 splits into degenerate minima at finite values of k when J = 3U , while k = 0 becomes a local maximum. This local maximum even emerges ω 2 k=0 > 0 on the positive side again for J > U (3 + √ 8). Nevertheless, there are always unstable modes for some values of k, see Fig. 1 and compare [90] .
After these preliminaries, let us study a quantum quench from J = 0 to a finite value J out < J c which is still in the Mott regime. For simplicity, we consider a sudden change of J(t) = J out Θ(t), but the calculation can easily be generalized to other scenarios. Solving the evolution equations (24)- (26) for this case, we find [91] ĥ † µĥν quench = p † µpν quench
The remaining correlation can simply be obtained via
The correlator in terms of the original creation and annihilation operatorsb † µ andb ν is just a linear combination of these correlation functions
The quench J(t) can be realized experimentally by decreasing the intensity of the laser field generating the optical lattice (which lowers the potential barrier for tunneling and thus increases J). Thus the above prediction should be testable in experiments. Note that the same expression would apply to a quench from the Mott to the superfluid regime, cf. [91] . As explained above, in this case the frequencies ω k become imaginary for some k and thus these modes grow exponentially. As a result, the expectation value will quickly be dominated by these fast growing modes and so most of the details of the initial state will become unimportant. Of course, this exponential growth cannot continue forever -after some time, the 1/Z-expansion breaks down since the quantum fluctuation are too strong and the growth will saturate.
VI. EQUILIBRATION
However, in the following, we shall study a quench within the Mott regime. In this case, all frequencies are real ω k ∈ R and thus there is no exponential growthall modes oscillate. For an infinite (or at least extremely large) lattice, the oscillations in (37-39) average out for sufficiently large times t and thus these observables approach a quasi-equilibrium value ĥ † µĥν equil = p † µpν equil
The quasi-equilibrium values for the local (on-site) particle and hole probabilities can be derived in complete analogy to the previous case
Again, it turn out that the result coincides with Eq. (40) after setting ν = µ. For the explicit example of a BoseHubbard model on a three-dimensional cubic lattice after a quench according to J/U = 0 → 0.14, the time dependences from Eqs. (37) and (38) are plotted in Fig. 2 .
Having found that the observables considered above approach a quasi-equilibrium state, it is natural to ask the question of thermalization. As explained in the Introduction, this is one of the major unsolved questions (or rather a set of questions) in quantum many-body theory [9, [13] [14] [15] [16] . Even though we cannot settle this question here, we can compare the quasi-equilibrium values obtained above with a thermal state. To this end, we derive the thermal density matrixρ β corresponding to a given temperature k B T = 1/β. Using the grand canonical ensemble, the thermal density operator readŝ
where chemical potential µ will be chosen such that the filling is equal to unity. For small values of J/U , we can employ strong-coupling perturbation theory, i.e., an expansion in powers of J/U . It is useful to introduce the operator [30, 31] 
whereĤ 0 is the diagonal on-site part of the grand canonical HamiltonianĤ − µN andĤ 1 is the hopping term. This operator satisfies the differential equation
whereĤ 1 (β) = e βĤ0Ĥ 1 e −βĤ0 . In analogy to timedependent perturbation theory, the operatorR can be calculated perturbatively by integrating this equation with respect to β. In first-order perturbation expansion (in J/U ), we have (see also Ref. [30] )
with Z 0 = Tr{e −βĤ0 }. Obviously, the correction to first order in J/U does not affect the one-point density matrix ρ µ but the two-point correlations. Thus, we find that the quasi-equilibrium state of the one-point density matrix ρ µ can indeed be described by a thermal state provided that we choose the chemical potential as µ = U/2 which givesρ
The particular value µ = U/2 of the chemical potential ensures that (in first order thermal perturbation theory) we have on average one particle per lattice site and the particle-hole symmetry p † µpµ = ĥ † µĥµ . To obtain the correct probabilities, we have to select the temperature according to (48) which can be deduced from Eqs. (42) and (47) . Since the depletion is small p † µpµ = O(1/Z), we obtain a low effective temperature which scales as T = O(U/ ln Z). Accordingly, consistent with our 1/Z-expansion, we can neglect higher Boltzmann factors such as e −βU .
VII. CORRELATIONS
Of course, the fact that the one-point density matrix ρ µ can be described (within our limits of accuracy) by a thermal state does not imply that the same is true for the correlations. To study this point, let us calculate the thermal two-point correlator from (46) . To first order in J/U and 1/Z = O(e −βU /2), we find
while ĥ † µĥν β and p † µpν β vanish (to first order in J/U ). If we compare this to the quasi-equilibrium value ĥ † µpν equil in (41), we find that they coincide to first order in J/U
This is perhaps not too surprising since the same value can be obtained from the ground-state fluctuations ĥ † µpν ground = p † µĥν ground in (33) after expanding them to first order in J/U . Due to the low effective temperature T = O(U/ ln Z), the lowest Boltzmann factor is suppressed by e −βU/2 = O(1/Z). As a consequence, because the correlations are small O(1/Z), their finitetemperature corrections are even smaller O(1/Z 2 ), and thus can be neglected.
The same is true for the other correlations ĥ † µĥν = p † µpν .
All of them: the ground-state correlators ĥ † µĥν ground = p † µpν ground in (32), the quasiequilibrium correlators ĥ † µĥν equil = p † µpν equil in (40), as well as the thermal correlators ĥ † µĥν β and p † µpν β vanish to first order in J/U . Therefore, to first order in J/U and 1/Z, the thermal state can describe the observables under consideration. However, going to the next order in J, this description breaks down. This failure can even be shown without explicitly calculatingR(β)
with the ground-state correlations in (32) , expanded to the same order in J
we find a discrepancy by a factor of two [92] . I.e., after the quench, these correlations settle down to a value which is twice as large as in the ground state (see Fig. 2 ). This factor of two has already been found elsewhere in the context of standard time-dependent and timeindependent perturbation theory, see also [10] . This is incompatible with the small Boltzmann factors e −βU/2 = O(1/Z) and would require a comparably large effective temperature
However, such a large effective temperature T = O(U ) is inconsistent with the small on-site depletion (48) .
This distinction between local observables (which become approximately thermal) and non-local correlations (which are incompatible with this thermal state) has already been observed in other scenarios using different approaches. For the Bose-Hubbard model, quenches from the superfluid phase to the Mott state at finite values of J and U have been studied in Ref. [25] , where a significant dependence on the final values of J and U has been observed: For large values of the final U , the (quasi) equilibrated correlations deviate significantly from a thermal state, whereas this deviation is not pronounced for smaller values. In contrast, a quench between the two exactly solvable cases J = 0 on the one hand and U = 0 on the other hand has been studied in Ref. [29] . This case can be solved exactly and consistent with the existence of the conservation laws (as mentioned in the Introduction), only partial thermalization is observed. Further studies have been devoted to bosonic superlattices (see, e.g., Ref. [30] ) and fermionic systems (see the discussion at the end of Section XII), for example. Unfortunately, a general and unifying understanding of all these nonequilibrium phenomena is still missing.
VIII. SECOND ORDER IN 1/Z
So far, we have only considered the first order in 1/Z. Now let us discuss the effect of higher orders by means of a few examples. Unfortunately, the complete derivation is rather lengthy and cannot be given here, it will be presented elsewhere [93] .
Let us go back to the derivation from (10) to (12) and include 1/Z 2 corrections. To achieve this level of accuracy, we should not replace the exact one-point density 
53) Since the net effect can roughly be understood as a reduction of the effective hopping rate J ren = J(1 − 3f 0 ), it is easy to visualize that this implies also a decrease of the effective propagation velocity.
There are also other 1/Z 2 corrections in (12) such as the three-point correlatorρ corr µνκ but they act as source terms and do not affect the eigenfrequency (at second order). However, there are other quantities where these source terms are crucial. In particular, we consider twopoint correlation functions which vanish to first order in 1/Z, in contrast to contributions such as b † µbν discussed above. One important example is the particle-number correlation, i.e., n µnν − n µ n ν . After a somewhat lengthy calculation, we find for the ground-state correlations
where f (30) . Note that the above result is non-perturbative in J/U , see, for example, the non-polynomial dependence of ω k on J.
As a related example, the parity correlator reads
In analogy to the previous Section, we can also study the correlations after a quantum quench with J(t) = JΘ(t). Again, there are no contributions to the particle-number and parity correlations in first order 1/Z -but, to second order 1/Z, we find formally the same expressions as in the static case (54) and (55) (37) and (38) . The parity correlations after a quench have been experimentally observed in a one-dimensional setup [39] . Although the hierarchical expansion relies on a large coordination number, we find qualitative agreement between the theoretical prediction (55) for Z = 2 and the results from [39] . For large times t and distances x µ − x ν , we may estimate the integrals over p and q in the expressions (54) and (55) via the stationary-phase or saddle-point approximation.
The dominant contributions stem from the momenta satisfying the saddle-point condition
Thus their structure is determined by the group velocity v k = ∇ k ω k . If the equation x µ − x ν = ±v k t has a real solution k, i.e., if the distance x µ − x ν can be covered in the time t with the group velocity v k , then we get a stationary-phase solution -otherwise the integral will be exponentially suppressed (i.e., the saddle point k becomes complex). For a given direction in k-space, the maximum group velocity determines the maximum propagation speed of correlations, i.e., the effective light cone. In a hypercubic lattice in D dimensions with small J, for example, it is given by v max ≈ 3J/D along the lattice axes and by v max ≈ 3J/ √ D along the diagonal (where all the components of v max are equal to each other). A similar result has been obtained in Ref. [35] for the onedimensional Bose-Hubbard model. For an experimental realization, see, e.g., Ref. [39] . In order to test the quality of our 1/Z expansion, we compare the predictions of our first-order calculations with exact numerical results for the probabilities p(n µ ) = n|ρ µ |n and correlation functions b † µbν in one-and two-dimensional finite lattices. They are obtained by full diagonalization of the Bose-Hubbard Hamiltonian with periodic boundary conditions without any truncation of the Hilbert space. This allows us to calculate exactly the complete time evolution of any quantity as well as their mean values averaged over an infinite time. The initial state can be arbitrary and in the calculations presented below it was chosen in the form described by Eq. (15) . The full diagonalization provides also a possibility of exact calculations of the thermal averages.
IX. EXACT NUMERICAL RESULTS
The time evolution of the probabilities p(n µ = 0) and p(n µ = 2), which are by definition equivalent to the quantities ĥ µĥ † µ and p † µpµ considered in the previous sections, is shown in Figs. 3 and 4 for one-and two-dimensional lattices, respectively. Due to finite-size effects (see also Ref. [28] ), these probabilities oscillate around their averaged values shown by straight horizontal lines. For the chosen value of J/U = 0.1, the behavior of p(0) is almost indistinguishable from that of p(2), consistent with the 1/Z-expansion. The probabilities for thermal equilibrium states corresponding to the final value of J/U (depending on their temperature T ) are also plotted for comparison. We observe that the time-averaged values of the probabilities correspond to an effective temperature of about 0.14 U , which is consistent with the results of Sec. VI. Furthermore, we find that, in a one-dimensional lattice, our 1/Z-approach underestimates the typical frequency scales and overestimates the characteristic amplitudes of the probabilities by roughly the same factor of ≈ 1.4. This might be an indication of the effective renormalization of the hopping rate J ren = J(1 − 3f 0 ) by the quantum fluctuations discussed in the previous section (which are neglected to first order in 1/Z). In two dimensions, this discrepancy is still present -albeit noticeably smaller. In total, we see that the quantum fluctuations in two dimensions are smaller than in one dimension -and that our 1/Z-expansion becomes better (as one would expect).
The time dependence of the correlation functions b † µbν presented in Figs. 5, 6 displays similar oscillating character and the comparison of the 1/Z-expansion with exact diagonalization reveals the same characteristic features. In the one-dimensional lattice, their time-averaged values can again be approximately described by an effective temperature of about 0.2 U , but this temperature is already significantly larger than that for the probabilities p(n µ ). In contrast, in the two-dimensional case, the time-averaged correlation functions cannot be described at all by a thermal state, see Fig. 6 since are larger than the thermal correlations at any temperature. This failure of an effective temperature in the two-dimensional system is consistent with the result obtained within the 1/Z-expansion in Sec. VI. Note that the situation considered here is quite different from a quench across the critical point (i.e., Mott-superfluid or superfluid-Mott) for which qualitatively different results have been obtained in [25, 28] , for example.
In general, we come to the conclusion that our 1/Zexpansion agrees qualitatively surprisingly well with exact diagonalization even in one and two dimensions, although the values of 1/Z = 0.5 and 0.25 are not so small. Furthermore, we observe that the quantitative agreement between our 1/Z-expansion and the numerical results becomes better when going from one to two dimensions, as one would expect.
X. FERMI-HUBBARD MODEL
Now, after having studied the bosonic case, let us investigate the Fermi-Hubbard model [94] [95] [96] . We shall find many similarities to the Bose-Hubbard model -but also crucial differences. The Hamiltonian readŝ
The nomenclature is the same as in the bosonic case (1) but with an additional spin label s which can assume two values s =↑ or s =↓. In the following, we consider the 
The fermionic nature of the particles has important consequences. For example, let us estimate the expectation value of the hopping HamiltonianĤ J . Introducing the "coarse-grained" operator
we may write the expectation value of the tunneling energyĤ J per lattice site for one spin species s as
This expectation value can be interpreted as a scalar product of the two vectorsĉ µ,s |Ψ and c Inserting ||ĉ µ,s |Ψ || 2 = Ψ|ĉ † µ,sĉ µ,s |Ψ = Ψ|n µ,s |Ψ , we get the expectation value of the number operatorn µ,s . In contrast to the bosonic case, this operator is bounded and thus we find ||ĉ µ,s |Ψ || ≤ 1. Furthermore, the operatorĉ Σ µ,s in (59) obeys the same anti-commutation relations (58) and thus we find ||ĉ Σ µ,s |Ψ || ≤ 1 in complete analogy. Consequently, the absolute value of the tunneling energy per lattice site is below 2J/ √ Z, i.e., decreases for large Z.
The above result implies that the interaction term ∝ U always dominates (except in the trivial case U = 0) in the limit Z → ∞ under consideration. Hence, we are in the strongly interacting Mott regime and do not find anything analogous to the Mott-superfluid transition as in the bosonic case. Note that often [97, 98] a different Z-scaling is considered, where the hopping term scales with J/ √ Z instead of J/Z as in (57) . Using this J/ √ Z scaling, one can study the transition from the Mott state to a metallic state which is supposed to occur at a critical value of J where -roughly speaking -the hopping term starts to dominate over the interaction term. However, this transition is not as well understood as the Mottsuperfluid transition in the bosonic case. With our J/Zscaling in (57), we study a different corner of the phase space where we can address question such as tunneling in tilted lattices and equilibration vs thermalization etc.
A. Symmetries and Degeneracy
In addition to the usual invariances already known from the bosonic case, the Fermi-Hubbard model has some more symmetries. For example, the particle-hole symmetryĉ † µ,s ↔ĉ µ,s and thusn µ,s =ĉ † µ,sĉµ,s ↔n µ,s = c µ,sĉ † µ,s = 1 −n µ,s is no longer an effective approximate symmetry, but becomes exact (for the case of half-filling considered here).
Furthermore, there is an effective SU (2)-symmetry corresponding to the spin degrees of freedom. To specify this, let us introduce the effective spin operatorŝ
and analogouslyŜ are the usual Pauli spin matrices. These operators satisfy the usual spin, i.e., SU (2), commutation relations and the Fermi-Hubbard Hamiltonian (57) is invariant under global SU (2) rotations generated by the total spin operatorsŜ tot = µŜ µ .
In the case of zero hopping J = 0, this global SU (2) invariance even becomes a local symmetry, i.e., we may perform a spin rotation at each site without changing the energy. As a result, the ground state (at half filling) is highly degenerate for J = 0 in contrast to the BoseHubbard model (at integer filling). This degeneracy can be lifted by an additional staggered magnetic field (see XI A) and is related to the spin modes which become arbitrarily soft for small J. In this limit J ≪ U , their dynamics can be described by an effective Hamiltonian, which is basically the Heisenberg model
with an effective anti-ferromagnetic coupling constant of order 1/Z 2 . This effective Hamiltonian describes the Fermi-Hubbard Hamiltonian (57) for half-filling in the low-energy sub-space where we have one particle per site, but with a variable spinŜ µ .
In order to avoid complications such as frustration for the anti-ferromagnetic Heisenberg model (62), we assume a bipartite lattice -i.e., we can divide the total lattice into two sub-lattices A and B such that, for each site in µ ∈ A, all the neighboring sites ν belong to B and vice versa. In this case, the ground state of the Heisenberg model (62) approaches the Néel state for large Ẑ
which is just the state with exactly one particle per site, but in alternating spin states, i.e., s =↓ for µ ∈ A and s =↑ for ν ∈ B. Note thatn ↓ µ is the projector on the |1
state etc. As usual, this state (63) breaks the original symmetry group of the Hamiltonian (57) containing particle-hole symmetry, SU (2) invariance, and translational symmetry, down to a sub-group, which includes invariance under a combined spin-flip and particle-hole exchange etc. Let us stress that the Néel state (63) is only the lowest-order approximation of the real ground state of the Heisenberg model (62) , there are quantum spin fluctuations of order O(1/Z). These quantum spin fluctuations do not vanish in the limit J → 0 since J only appears in the overall pre-factor in front of the Heisenberg , and
, etc. Inserting the zeroth-order Néel state (63), we find four trivial equations which fully decouple
Thus, if these correlations vanish initially, they remain zero (to first order in 1/Z). Setting these correlations (71) to zero, we get four pairs of coupled equations
. (75) Again, since these equations do not have any nonvanishing source terms (to first order in 1/Z), they can be set to zero if we start in an initially uncorrelated state. Note that they would acquire non-zero source terms if we go away from half-filling. The positive and negative eigenfrequencies of these modes behave as
Thus we have soft modes which scale as ω − k ∼ J 2 /U for small J and hard modes ω + k ≈ U . These modes are important for making contact to the t-J model [99] which describes the low-energy excitations of the FermiHubbard Hamiltonian (57) for small J away from halffilling. However, at half-filling, we can set them to zero. After doing this, we are left with four coupled equations, which do have non-vanishing source terms
Due to the source terms JT µν /Z, these modes will develop correlations if we slowly (or suddenly) switch on the hopping rate J, even if there are no correlations initially. The eigenfrequencies of these (charge) modes behave as
A similar dispersion relation can be derived from a meanfield approach [96] . In contrast to the bosonic case, the origin of the Brillouin zone at k = 0 does not have minimum but actually maximum excitation energy ω k . The minimum is not a point but a hyper-surface where T k = 0 (or, more generally, T 2 k assumes its minimum). After Fourier transformation of (77)- (80) we find that the equations of motion conserve a bilinear quantity, that is
This relation holds, as in the bosonic case, also for timedependent J(t).
A. Ground-state correlations
In complete analogy to the bosonic case, we now imagine switching J adiabatically from zero (where all the charge fluctuations vanish) to a finite value. In order to operate this adiabatic switching, we must start in principle at J = 0 from a non degenerate ground state. This is accomplished by adding a term into the fermion Hamil-
If we choose the magnetic field as A µ↓ (x µ ∈ A) = a, A µ↓ (x µ ∈ B) = A µ↑ (x µ ∈ A) = 0, and A µ↑ (x µ ∈ B) = a, the Néel state is the unique ground state for J = 0 at half filling. Repeating the steps in Eqs. (77) (78) (79) (80) and (72) (73) (74) (75) by including this term, the eigenfrequencies (76) and (81) read now
After adiabatic switching, we find in the limit a = 0 the following non-zero ground-state correlations
which reproduce the expressions obtained in Ref. [100] . Somewhat similar to the Bose-Hubbard model, the symmetric combination (86) scales with J 2 for small J while the other (87) starts linearly in J. Other correlators such as ĉ † µ↓ĉ ν↓ can be obtained from these expressions. For example, if µ and ν are in A, we find, usingn µ↑ +n µ↑ = 1 andn ν↑ +n ν↑ = 1
(88)
B. Quantum depletion
To zeroth order, i.e., in the Néel state (63), we have n µ↑nµ↓ = 0. Thus this quantity n µ↑nµ↓ measures the deviation from this zeroth-order Néel state (63) due to quantum charge fluctuations. In order to calculate n µ↑nµ↓ , we also need some of the other sectors discussed after (70) . Obviously, the correlators containinĝ c † µ↑ĉ ν↑ behave in the same way as those withĉ † µ↓ĉ ν↓ after interchanging the sub-lattices A and B. Thus a completely analogous system of differential equations exists for the correlations of the form ĉ † µ↑ĉ µ↑nµ↓nν↓ = g 1A1B µν etc. If we insert (66) in order to calculate i∂ t n µ↑nµ↓ , we find that these two sectors are enough for deriving n µ↑nµ↓ . Assuming µ ∈ B for simplicity, we find
Setting the correlations with vanishing source terms to zero, we get
Thus, in the ground state, the quantum depletion reads n µsnµs = n µsnµs = 1 2N
As one would expect, this quantity scales with J 2 for small J. The results (86) , (87) , and (91) can also be obtained via other approaches, such as the spin density wave ansatz [101] (which is related to dynamical mean field theory according to Ref. [102] ).
C. Spin modes
So far, we have considered expectations values such as ĉ † µaĉνbnµānνb , where -apart from the number operatorŝ n µā andn νb -one particle is annihilated at site ν and one is created at site µ. These operator combinations correspond to a change of the occupation numbers and are thus called charge modes. However, as already indicated in Section X, there are also other modes which leave the total occupation number of all lattice sites unchanged. Examples are ĉ † µsĉµsĉ † νsĉνs or n µanνb or combinations thereof. Many of these combinations can be expressed in terms of the effective spin operators in (61) via Ŝ i µŜ j ν . As one would expect from our study of the Bose-Hubbard model, the evolution of these spin modes vanishes to first order in 1/Z
consistent with the Heisenberg Hamiltonian (62) . In analogy to the n µnν -correlator in the bosonic case, one has to go to second order O(1/Z 2 ) in order to calculate these quantities. Fortunately, the charge modes discussed above do not couple to these spin modes to first order in 1/Z and hence we can omit them to this level of accuracy.
XII. QUENCH DYNAMICS
Now we consider a quantum quench, i.e., a sudden switch from J = 0 to some finite value of J. To this end, we start with the Mott-Néel state (63) , which is an exact eigenstate of the Hamiltonian for J = 0, and solve the first-order (in 1/Z) equations for the correlations. This provides a good approximation at least for short and intermediate times, before 1/Z 2 -corrections (such as the soft spin modes) start to play a role. Following this strategy, we find the following non-vanishing correlations
Again, these correlations equilibrate to a quasi-stationary value, which is, however, not thermal. For some of these correlations, this quasi-stationary value lies even below the ground-state correlation, see Fig. 7 . The probability to have two or zero particles at a site reads n µsnµs quench = n µsnµs quench (95)
This quantity also equilibrates to a quasi-stationary value of order 1/Z. In analogy to the bosonic case, this quasistationary value could be explained by a small effective temperature -but this small effective temperature then does not work for the other observables, e.g., the correlations.
The time-evolution of the quantum depletion in Fig. 7 can be compared with the results of Ref. [50] where the (integrable) Fermi-Hubbard model in one dimension with long-range hopping (i.e., T µν contributes not just for nearest neighbors) is considered and we observe qualitative agreement (see, e.g., Fig. 1d in Ref. [50] ). Unfortunately, a quantitative comparison of our results for the higher-dimensional Fermi-Hubbard model is impeded by the lack of data for the regime under consideration in our present work. For instance, the Fermi-Hubbard model in one and two dimensions is studied in Ref. [52] , but there a quench from U > 0 to U = 0 is considered. As another example, the quench from U = 0 to U > 0 (but still in the metallic phase, i.e., for weak U ) is investigated in Ref. [61] , where three temporal regimes are identified: short times (build-up and oscillation of correlations), intermediate times (quasi-equilibration), and late times (thermalization). The first two temporal regimes can be recovered in complete analogy within our firstorder 1/Z-approach, but the late-time behavior (thermalization) requires higher orders in 1/Z.
XIII. CONCLUSIONS
In summary, we studied the quantum dynamics of the Bose and Fermi Hubbard model after a quench within the Mott phase. To this end, we employed a formal expansion into powers of 1/Z based on the hierarchy of correlations. In comparison to other approaches (as mentioned in the Introduction, for example), this method facilitates an iterative approximate analytical solution for the time dependence of the reduced density matrices and their ground state values. It is particularly suited for the strongly interacting regime in higher dimensions and can be applied to a general lattice structure T µν of arbitrary size. Since our method is based on an expansion into powers of the (small) control parameter 1/Z, it provides a unique classification which effect occurs at which order in 1/Z. This fact is also related to the somewhat disadvantageous features of our approach, for example the fact that the correct treatment of the soft spin modes and the late-time dynamics requires higher orders in 1/Z. Furthermore, we cannot describe the transition between the Mott insulator and the metallic state in the FermiHubbard model within our first-order approach.
As one application, we derive the spread of correlations and obtain an effective light-cone structure (via the saddle-point approximation). Furthermore, we found that the considered observables settle down to a quasiequilibrium state after some time -but this state is not thermal. More precisely, the on-site density matrix settles down to a state which could be described by a thermal ensemble but the two-point correlations do not fit this thermal state. Thus, real thermalization -if it occurs at all -requires much longer times scales. This seems to be a generic feature and has been discussed for bosonic [25, [29] [30] [31] and fermionic systems [10, 53, 54, 61-63, 103, 104] and is sometimes called "pre-thermalization" [3, 4] . This phenomenon can be visualized via the following intuitive picture: The excited state generated by the quench can be viewed as a highly coherent superposition of correlated quasi-particles. During the subsequent quantum evolu-tion, these quasi-particles disperse and randomize their relative phases -which results in a quasi-stationary state. However, the quasi-particles still retain their initial spectrum (in energy and quasi-momentum), which could be approximately described by a generalized Gibbs ensemble (i.e., a momentum-dependent temperature). In this picture, thermalization requires the exchange of energy and momentum between these quasi-particles due to multiple collisions, which changes the one-particle spectrum and takes much longer. Ergo, one would expect a separation of time scales -i.e., first (quasi) equilibration and only much later thermalization -for many systems in condensed matter, where the above quasi-particle picture applies.
Within our 1/Z approach, the interaction between the quasi-particles (responsible for the exchange of energy and momentum by multiple collisions) correspond to higher orders in 1/Z. Since they become relevant at time scales much longer than the initial dephasing time considered here, one would expect that it is possible to derive some sort of Boltzmann equation for these long time scales.
In this Appendix, we derive the hierarchical set of equations for the correlation functions. The quantum evolution of the on-site density matrix can be derived by tracing von Neumann's equation (6) over all lattice sites but µ and exploiting the invariance of the trace under cyclic permutations
Using the definition of the two-point correlations given in (8), we arrive at (9) . Similarly, the differential equation for the two-particle density matrix can be deduced by tracing over all lattice sites but µ and ν, i∂ tρµν = i ∂ tρ corr µν +ρ µ ∂ tρν +ρ ν ∂ tρµ
With the definitions (8) and the time-evolution for the single-site density matrix (A1), we find for the two-point correlation functions (10) . The equations (9) and ( 
If we consider an ensemble S = {µ 1 , . . . , µ ℓ } of ℓ different lattice sites µ 1 = · · · = µ ℓ , we obtain the correlation operators viâ
These operators are related to the corresponding reduced density matrix operator ρ S through the relation
where the sum runs over all possible segmentations of the subset S into partitions P i starting from the whole subset P = S and ranging to single lattice sites P i = {µ} whereρ corr Pi={µ} =ρ µ is understood. For two and three lattice sites, the above equation reproduces Eq. (8).
Our derivation is based on the following scaling hierarchy of correlations:
where |S| is the number ℓ of lattice sites in the set S. From the Liouville equation (6) , the temporal evolution of F is given by
By taking successive derivatives and using the generalized Leibniz rule
as well as the the property
we establish the following set of equations for the correlated density matrices: For ℓ = 1 and ℓ = 2 we recover the equations (9) and (10) . A careful inspection of this set of equations shows that the hierarchy in (A8) is preserved in time: Imposing the scalingρ corr S = O(Z 1−|S| ) on the r.h.s. of the above equation, we find that the time derivative on the l.h.s. does also satisfy the hierarchy (A8). Therefore, inserting (A8) into (A12) and taking the limit Z → ∞, we obtain the leading-order contributions 
For ℓ = 1 and ℓ = 2, we recover equations (11) and (12) .
In contrast to the exact expression (A12), the approximated leading-order equations (A13) form a closed set. The exact time evolution (A12) of the |S|-point correlator ∂ tρ corr S also depends on the higher-order correlation term ρ Furthermore, we may use the first-order result forρ corr µν in order to obtain a better approximation for the one-point density matrixρ 1 µ which is valid to first order in 1/Z and contains the quantum depletion etc. Repeating this iteration, we may successively "climb up" to higher and higher orders in 1/Z.
